We study generalisations of conjugacy separability in restricted wreath products of groups. We provide an effective upper bound for Cconjugacy separability of a wreath product A ≀ B in terms of the C-conjugacy separability of A and B, the growth of C-cyclic subgroup separability of B, and the C-residual girth of B. As an application, we provide a characterisation of when A ≀ B is p-conjugacy separable. We use this characterisation to the provide for each prime p an example of wreath products with infinite base group that are p-conjugacy separable. We also provide asymptotic upper bounds for conjugacy separability for wreath products of nilpotent groups which include the lamplighter groups and provide asymptotic upper bounds for conjugacy separability of the free metabelian groups. Along the way, we provide a polynomial upper bound for the shortest conjugator between two elements of length at most n in a finitely generated nilpotent group.
Given an infinite group, it is natural to ask how much information can one recover by studying its finite quotients. For example, in the case of residually finite groups one can distinguish individual elements from each other: we say that a group G is residually finite if for every pair of distinct elements f, g ∈ G there is a finite group Q and a surjective homomorphism π : G → Q such that π(f ) and π(g) remain distinct in Q.
Properties of this type are called separability properties: a subset S ⊆ G is said to be separable in G if for every g ∈ G \ S there exists a finite group F and a surjective homomorphism ϕ : G → F such that ϕ(g) / ∈ ϕ(S) in F . Clearly, a group is residually finite if and only if the singleton sets are separable. Separability properties are defined by specifying what kind of subsets we want to be separable: conjugacy separable groups have separable conjugacy classes, cyclic subgroup separable groups have separable cyclic subgroups, locally extended residually finite (LERF) groups have separable finitely generated subgroups, etc. In this paper, we will be studying quantitative aspects of conjugacy separability and its generalisations.
1.1. Motivation. One of the original reasons for studying separability properties in groups is the fact that they provide an algebraic analogue to decision problems in finitely presented groups: if a subset S ⊆ G is given in a suitably nice way (i.e. S is recursively enumerable and one can always effectively construct the image of S under the canonical projection onto a finite quotient of G) and it is separable in G, one can then decide whether a word in the generators of G represents an element belonging to S simply by checking finite quotients. Indeed, it was proved by Mal'tsev [23] that the word problem is solvable for finitely presented, residually finite groups: given a finite presentation X | R and a word w ∈ F (X), where F (X) is the free group with the generating set X, one runs two algorithms in parallel. The first algorithm enumerates all the products of conjugates of the relators (and their inverses) and checks whether w appears on the list, whereas the second algorithm enumerates all finite quotients of G and checks whether the image of the element of G represented by w is nontrivial. In other words, the first algorithm is looking for a witness of the triviality of w whereas the second algorithm is looking for a witness of the nontriviality of w. Using an analogous approach, Mostowski [27] showed that the conjugacy problem is solvable for finitely presented, conjugacy separable groups. In a similar fashion, finitely presented LERF groups have solvable generalised word problem, meaning that the membership problem is uniformly solvable for every finitely generated subgroup. In general, algorithms that involve enumerating finite quotients of an algebraic structure are called algorithms of Mal'tsev-Mostowski type.
Most of the existing work has focused on verifying different classes of groups satisfy various separability properties. For instance, the following classes of groups are known to be conjugacy separable: virtually free groups (Dyer [10] ), virtually polycyclic groups (Formanek [13] , Remeslennikov [28] ), virtually surface groups (Martino [24] ), limit groups (Chagas and Zalesskii [4] ), finitely generated right angled Artin groups (Minasyan [25] ), even Coxeter groups whose diagram does not contain (4, 4, 2)-triangles (Caprace and Minasyan [3] ), one-relator groups with torsion (Minasyan and Zalesskii [26] ), fundamental groups of compact orientable 3-manifolds (Hamilton, Wilton, and Zalesskii [20] ), etc. Conjugacy separability is similar to residual finiteness but is much stronger. It can be easily seen that every conjugacy separable group is residually finite, but the implication in the opposite direction does not hold. Perhaps the easiest example of a residually finite group which is not conjugacy separable was given by Stebe [34] and independently by Remeslenikov [29] when they proved that SL 3 (Z) is not conjugacy separable.
In the light of the previous discussion, a natural question arises: how can one use residual properties such as residual finiteness and conjugacy separability to study finitely generated groups? One approach is by defining a function on the natural numbers that measures the complexity of establishing the residual property by taking the worst case over all words of length at most n. While these complexity functions require the selection of a finite generating subset, the asymptotic growth rate as the parameter n goes to infinity is well defined; see Section 3 for the discussion. For instance, for a residually finite, finitely generated group G, Bou-Rabee [1] introduced the function RF G : N → N which quantifies the residual finiteness of G. Indeed, if w represents a nontrivial element of G of length at most n with respect to some fixed generating subset, then there exists a surjective homomorphism ϕ : G → Q to a finite group such that ϕ(w) = 1 and where |Q| ≤ RF G (n). Similarly, Lawton, Louder, and McReynolds [21] introduced the function Conj G : N → N to quantify conjugacy separability. In particular, given two nonconjugate elements w 1 and w 2 in G of length at most n, there exists a surjective homomorphism ϕ : G → Q to a finite group such that ϕ(w 1 ) and ϕ(w 2 ) are nonconjugate and where |Q| ≤ Conj G (n). Finally, one may quantify cyclic subgroup separability of G with the function Cyclic G (n). Indeed, if w 1 and w 2 are two words in G of length at most n such that w 1 is not an element of w 2 , then there exists a surjective homomorphism ϕ : G → Q to a finite group Q such that ϕ(w 1 ) / ∈ ϕ( w 2 ) and where |Q| ≤ Cyclic G (n).
As we mentioned before, separability properties provide an algebraic analogue do decision problems in finitely presented groups. The separability depth function can be then understood as a measure of the complexity of the corresponding algorithm of Mal'tsev-Mostowski type. In particular, it allows to dispense of the algorithm which is looking for a positive witness. Let us demonstrate this on the word problem: suppose that we are given a finitely presented group G, a word w in the generators of G, and we know that RF G (n) = f (n), where f : N → N. We can then enumerate all finite quotients of G of size up to f (|w|). It then follows that if the image of w is trivial in all such quotients is trivial, then w must in fact represent the trivial element in G.
There are only a few results concerning the asymptotic behaviour of conjugacy separability for different classes of groups. Lawton, Louder, and McReynolds [21] demonstrate that if G is a nonabelian free group or the fundamental group of a closed oriented surface of genus g ≥ 2, then Conj G (n) n n 2 . For the class of finitely generated nilpotent groups, the second named author and Dére [8] demonstrate the following alternative. If G is a finite extension of a finitely generated abelian group, then Conj G (n) (log(n)) d for some natural number d, and when G is a virtually nilpotent group that is not virtually abelian, then there exist natural numbers d 1 and d 2 such that n d1
Conj G (n) n d2 . Outside of these examples, no other asymptotic bounds of Conj G (n) for any class of finitely generated groups have been computed.
Given a separability property, it is natural to ask whether this property is preserved by certain group theoretic constructions. Checking that the class of residually finite groups is closed under forming finite direct products is an easy exercise, similarly for conjugacy separability. It was proved by Stebe [33] and independently by Remeslennikov [29] that the class of conjugacy separable groups is closed under taking free products; the fist named author [12] proved that the class of conjugacy separable groups is closed under forming graph products, a group-theoretic construction generalising both direct and free products of groups. However, separability properties do not have to be stable with respect to forming group extensions: Goryaga [15] gave an example of a finite extension of a conjugacy separable group that is not conjugacy separable.
The main aim of this paper is to study effective conjugacy separability and its behaviour with respect to the construction of restricted wreath products. Given groups A, B, we will use A ≀ B to denote the restricted wreath product of A and B, i.e.
The group A will be sometimes referred to as the base group of the wreath product A ≀ B and the group B will be sometimes referred to as the acting or wreathing group of the wreath product A ≀ B. As this paper only deals with restricted wreath products, we will drop the term "restricted" as there is no possibility of confusion.
In general, a wreath product of residually finite groups does not have to be residually finite, as shown by Gruenberg [18] who gave the following characterisation of residually finite wreath products: a wreath product A ≀ B is a residually finite group if and only if either A is residually finite and B is finite or A is an abelian residually finite group and B is residually finite (see Theorem 4.7). This theorem was later generalised by Remeslennikov [29, Theorem 1] who gave a characterisation of conjugacy separable wreath products of groups by showing that a wreath product A ≀ B is conjugacy separable if and only if either A is conjugacy separable and B is finite or A is a residually finite abelian group and B is conjugacy separable and every cyclic subgroup of B is separable in B. We extend Remeslennikov's result in two ways: we provide upper bounds on the conjugacy separability depth function in terms of the separability of functions of the factor groups and we do so in the general setting of C-separability where C is an extension-closed pseudovariety of finite groups.
1.2.
Statement of the main result. The notion of separability can be generalised in a natural way by considering only certain kinds of finite groups: let C be a class of groups, we then say that a subset S ⊆ G is C-separable in G if for every g ∈ G \ S there is a group Q ∈ C and a surjective homomorphism π : G → Q such that π(g) does not belong to π(S). We consider extension-closed pseudovarieties of finite groups (see Section 2 for the formal definition); typical examples of such classes include the class of all finite groups, the class of all finite p-groups where p is a prime, or the class of all finite solvable groups.
Given an extension-closed psuedovariety of finite groups C, we say a group G is residually-C if the singleton set {1} is C-separable, C-conjugacy separable if each conjugacy class is C-separable, and C-cyclic subgroup separable if each cyclic subgroup is C-separable. With these definitions in mind, we prove the following generalisation of Remeslennikov's theorem.
Theorem A. Let C be an extension-closed psuedovariety of finite groups, and suppose that A and B are C-conjugacy separable groups. Then A ≀ B is C-conjugacy separable if and only if at least one of the following is true
We may rephrase Theorem A using the language of effective C-separability which we outline with the following discussion. For a general extension-closed psuedovariety of finite groups C, we may quantify C-conjugacy separability and C-cyclic subgroup separability using the functions Conj G,C (n) and Cyclic G,C (n) which are defined similarly as Conj G (n) and Cyclic G (n). Moreover, we observe that if G is a finitely generated residually-C group, then for all n there exists a surjective homomorphism ϕ : G → Q where Q ∈ C such that ϕ restricted to the ball of radius n centered around the identity is injective. Subsequently, we obtain a function RG G,C : N → N which we call the C-residual girth function which quantifies how difficult is it to detect the n-ball of G using the pseudovariety C. As a last note, we introduce the function ShortC G (n) which measures the length of the shortest conjugator between two words of length at most n. Taking all of this together, the next theorem provides an asymptotic bound for Conj A≀B,C in terms of the asymptotic behaviour of C-conjugacy separability of A and B, the asymptotic behaviour of Ccyclic subgroup separability of B given by Cyclic B,C (n), the residual girth function RG B,C (n), and ShortC B (n). For the exact formal definitions of the above functions and related asymptotic notions, see Section 3.
Theorem B. Let A and B be C-conjugacy separable groups where C is an extensionclosed psuedovariety of finite groups. Then A ≀ B is C-conjugacy separable if and only if B ∈ C or if A is abelian and B is C-cyclic subgroup separable.
If B ∈ C, then
Let Φ(n) = ShortC B (n) + n and
If A is an infinite, finitely generated abelian group and B is a C-cyclic subgroup separable finitely generated group, then
If A is a finite abelian group and B is a C-cyclic subgroup separable finitely generated group, then
Conj A≀B,C (n) max Conj B,C (n), Ψ(n) · 2 Ψ(n) .
1.3.
Applications. We now proceed to applications of Theorem B. In the context of the psuedovariety of finite p-groups where p is some prime, we are able to make a stronger statement. In order to do so, we go into a discussion of p-cyclic subgroup separability.
Suppose that n ∈ N such that gcd(p, n) = 1. Let Z = a be the infinite cyclic group, and suppose that π k : Z → Z/p k Z is the natural projection. Clearly, π k (a n ) generates Z/p k Z so the subgroup a n is not separable in the pro-p topology on Z -on the contrary, it is dense in the pro-p topology on Z. In fact, a subgroup of the infinite cyclic group is p-separable if and only if its index is a power of p. It follows that if a residually-p finite group G contains an element of infinite order, then it contains cyclic subgroups that are not separable in its pro-p topology. This means that if G is a group such that every cyclic subgroup of G is p-separable, then G must be a p-group. In general, groups with all subgroups being p-separable are extremely rare -as far as the authors are aware, the only examples are the Grigorchuk's 2-group in the case of pro-2 topology (see [16, Theorem 2] ) and the Gupta-Sidki 3-group in the case of pro-3 topology (see [14, Theorem 2] ). However, cyclic subgroups of a p-group are finite; hence, being residually-p implies that all cyclic subgroups are separable in the pro-p topology. Following this discussion, we can state the following two corollaries. 
Corollary B.2. The group Z ≀ Z is conjugacy separable but not p-conjugacy separable for any prime p.
Let us note here that an abelian group is p-conjugacy separable if and only if it is residually p-finite. It was proved by Wilson and Zalesskii [35] that the Gupta-Sidki p-group GS(p) is p-conjugacy separable for every prime p ≥ 3 and that the Grigorchuk's 2-group is 2-conjugacy separable. This leads us to the following third corollary.
Corollary B.3. Let p be a prime and let G p be the Grigorchuk's 2-group if p = 2 and Gupta-Sidki p-group if p ≥ 3. Then the group Z m ≀ G p is p-conjugacy separable.
Another application of Theorem B is to compute effective conjugacy separability of wreath products of finitely generated nilpotent groups. As a consequence, we provide the first computation of conjugacy separability of the lamplighter group and in turn conjugacy separability of finitely generated but not finitely presentable conjugacy separable groups.
Theorem C. Let A be a finitely generated abelian group, and suppose that B is a torsion free, finitely generated nilpotent group. If B is abelian, then Conj A≀B (n) n n n 2 , and if A is finite, then
Conj A≀B (n) n n 2 · 2 n n 2 .
Otherwise, then there exists a natural number d such that
Conj A≀B (n) n n n d .
Moreover, if A is finite, then
Conj A≀B (n) n n d · 2 n n d .
Corollary C.1. If G is the lamplighter group, then Conj G (n) n n 2 · 2 n n 2 .
As a final application, we provide an asymptotic upper bound for effective conjugacy separability for the free metabelian group.
Theorem D. If S m,2 is the free metabelian group of rank m, then Conj Sm,2 (n) n n n 2 .
1.4. Organisation of the paper. We recall some basic preliminary notions in Sections 2, 3 and 4. In particular, in Section 2 we recall the notion of profinite and pro-C topologies on groups and review the classical results that allow us to use topological methods when working with separability properties; readers familiar with pro-C topologies might feel free to skip this section. In Section 3, we recall the basic notions of effective separability where we define the functions Conj G,C (n), Cyclic G,C (n), and RG G,C (n). In Section 4, we recall the notation for wreath products of groups and review known properties such as the structure of C-quotients of wreath products of groups. While doing so, we reprove [18, Theorem 3.2] . In Section 5, we prove the main result of this note, Theorem B. The proof is split into two cases: Subsection 5.1 deals with the case when the acting group B is finite and Subsection 5.2 deals with the case when the acting group B is infinite. Most of the proofs in this Section 5 are effective versions of the proofs given in [29] generalised to the setting of C-separability. In fact, we obtain Theorem A as an corollary of Theorem B.
In Section 6 we turn to wreath products of nilpotent groups. In particular, we give a polynomial upper bound on the length of minimal conjugators in finitely generated nilpotent group. Combining these two bounds, we obtain Theorem C giving an upper bound on conjugacy separability depth function in the case when A is an abelian group and B is finitely generated nilpotent group. As a corollary, we obtain upper bounds on conjugacy depth in the lamplighter group (Z/2Z) ≀ Z.
Finally, in Section 7, we use the Magnus embedding ρ :
is the free solvable group of rank k and derived length d, to give upper bounds on the conjugacy depth function of free metabelian groups.
1.5.
Notation. If G is a group, then 1 G denotes the identity element, and when group G is clear from context, we write 1 as the identity. For elements g, h ∈ G, we will use g h to denote hgh −1 , the h-conjugate of g. Similarly, for a subgroup H ≤ G, we will use g H to denote {hgh −1 | h ∈ H}. If h ∈ g G , we write g ∼ G h, and when the group G is clear from context, we will simply write g ∼ h. For two elements g, h ∈ G, we will use [g, h] = ghg −1 h −1 to denote their commutator. If G is a group with a normal subgroup H, we denote π H : G → G/H as the canonical projection. Given a group G with an element g ∈ G, we denote C G (g) as the centralizer of g in G.
In this note, the natural numbers N include zero.
pro-C topologies on groups
This section contains basic facts about pro-C topologies on groups. We include it to make the paper self-contained, and experts can feel free to skip it. Proofs of all of the statements can be found in the classic book by Ribes and Zalesskii [31] or in the first named author's thesis [11] .
Definition 2.1. Let C be a class of groups, and let G be a group. We say that a normal subgroup N G is a co-C subgroup of G if G/N ∈ C, and we denote N C (G) as the set of co-C subgroups of G.
Consider the following closure properties for a class of groups C: (c0) C is closed under taking finite subdirect products, (c1) C is closed under taking subgroups, (c2) C is closed under taking finite direct products. Note that (c0) ⇒ (c2) and (c1) + (c2) ⇒ (c0).
If the class C satisfies (c0), then for every group G the set
Thus, we have that N C (G) is a base at 1 for a topology on G. Hence, the group G can be equipped with a group topology where the base of open sets is given by
This topology, denoted by pro-C(G), is called the pro-C topology on G.
If the class C satisfies (c1) and (c2), or equivalently, (c0) and (c1), then one can easily see that equipping a group G with its pro-C topology is a faithful functor from the category of groups to the category of topological groups. Lemma 2.2. Let C be a class of groups satisfying (c1) and (c2). Given groups G and H, every morphism ϕ : G → H is a continuous map with respect to the corresponding pro-C topologies. Furthermore, if ϕ is an isomorphism, then it is a homeomorphism.
That is the same as saying that for every element g / ∈ X, there exists a subgroup N ∈ N C (G) such that the open set gN does not intersect X. In particular, we have that gN ∩ X = ∅. Hence, we have that gN ∩ XN = ∅, and thus,
We say that a group G is C-conjugacy separable if every conjugacy class is C-closed. We say that a group G is C-cyclic subgroup separable if every conjugacy class is C-closed.
In this paper, we consider classes of finite groups such as the class of all finite groups or of all finite p-groups where p is some prime. These two classes of finite groups are examples of extension-closed psuedovarieties of finite groups as seen in the following definition.
Definition 2.4. A class of finite groups that is closed under subgroups, finite direct products, quotients, and extensions is called an extension-closed pseudovariety of finite groups.
In the following lemma, we collect known facts about open and closed subgroups; in particular, we reference [19, Theorem 3.1, Theorem 3.3].
Lemma 2.5. Let G be a group, and let H ≤ G.
Definition 2.6. Let G be a group, and let H ≤ G. We say that pro-
Quantifying C-separability
Given a finitely generated group G with finite generating subset S, one can define the word length function · S : G → N as
Word-length is a standard tool in geometric group theory used to equip G with a left-invariant metric d S : G × G → N given by d S (g 1 , g 2 ) = g −1 1 g 2 S . We will use B G,S (n) to denote the ball of radius n centred around the identity, i.e. B G,
We start by introducing the following definition.
Definition 3.1. Let C be an extension-closed psuedovariety of finite groups, and G be a group. Assume that X ⊂ G is a nonempty proper C-separable subset of G.
For g ∈ G\X, we let
We call D G,C the C-depth function of G relative to X.
For a finite set X ≤ G, we set D G,C,inj (X) = min{[G : N ] | N ∈ N C (G) and π N restricted to X is injective.} Consequently, we may define the following function which quantifies the how difficult it is to inject the ball of radius n.
Definition 3.2. Let G be a finitely generated residually-C group with a finite generating subset S where C is an extension-closed psuedovariety. We define C-residual girth function of G as
We now define the C-conjugacy separability function of G where G is a Cconjugacy separable group. Letting S be a finite generating subset of G, we define Conj G,S,C : N → N as
For a C-cyclic subgroup separable group G with a finite generating subset, we denote the associated C-separability function Cyclic G,S,C : N → N as
We note that all of the above defined functions depend on the generating set S. However, one can easily check that the asymptotic behaviour does not depend on the choice of generating set. Letting f, g : N → N be nondecreasing functions, we write f g if there is a constant C ∈ N such that f (n) ≤ Cg(Cn) for all n ∈ N. If f g and g f , we then write f ≈ g. It is well known that a change of a generating set is an quasi-isometry: if S 1 , S 2 ⊂ G are two finite generating sets of a group G then · S1 ≈ · S2 . The same holds for the separability functions for C-conjugacy separability, C-cyclic subgroup separability, and the C-residual girth function, as demonstrated by the following lemma. Since the proof is rather straightforward, we omit it. Lemma 3.3. Let G be finitely generated group with finite generating sets S 1 and
Finally, if G is a residually-C group, then we have that RG G,C,S1 (n) ≈ RG G,C,S2 (n)
As we are only interested in the asymptotic behaviour of the above defined functions, we will suppress the choice of generating subset whenever we reference the C-separability functions or the word-length.
We also have the following lemma for finite direct products of C-conjugacy separable groups and their associated C-conjugacy separability functions whose proof we omit. Lemma 3.4. Let C be an extension-closed pseudovariety of finite groups, and let 
Proof. There exists a finite group Q ∈ C and a surjective homomorphism ϕ :
Letφ : G → G/ core G (ker(ϕ)) be the natural projection. Clearly, ϕ factors through ϕ ↾ H . As a consequence, we have thatφ(h) / ∈φ(X). Now, let us note that core G (ker(ϕ)) ∈ N C (H), core G (H) ∈ N C (G) and core G (ker(ϕ)) ≤ core G (H). We have the following short exact sequence of groups:
As C is an extension-closed pseudovariety of finite groups, we see that core G (ker(ϕ)) ∈ N C (G), and therefore,
The next proposition shows how the separability of a conjugacy class of an element h in an C-open subgroup of C-conjugacy separable group H relates to the separability of the conjugacy class in the ambient group G.
Proof. We have that G = k i=1 x i · H. Lemma 2.2 implies that conjugation by x i is a homeomorphism, thus, we may write
Now suppose that h / ∈ g G . By the above equality of sets, we have that
we have that π K (h) / ∈ π K (g G ). By definition,
Miscellaneous Functions.
The following function appears in the statement of Theorem B. This function is associated to any finitely generated group and gives a bound on the shortest length element needed to conjugate one element of length at most n to another element of word length at most n.
Definition 3.7. Let G be a finitely generated group with a finite generating subset
Again, the asymptotic behaviour of the above defined function is independent of the finite generating set, so we will remove the dependence of generating subset throughout this article.
Wreath products
Recall that by A ≀ B, where A and B are groups, we denote the restricted wreath product of A and B, i.e.
With a slight abuse of notation, we will use
We will sometimes denote b · f by b f . Following the given notation, if H ≤ A and K ≤ B, we will use H K to denote the subgroup of A B given by k∈K H.
The support of f , i.e. the set of elements on which f does not vanish, will be denoted as
In the case when A is abelian, it makes sense to abuse the notation and write f (X), where X ⊆ B, to denote x∈X f (x). 4.1. C-quotients of wreath products. Throughout this section, we will assume that C is an extension-closed pseudovariety of finite groups. We start with the following remark.
Remark 4.1. If the class C is closed under forming direct products, then the class of residually-C groups is closed under forming direct products.
The aim of this section is to show that every C-quotient of a wreath product A≀B can be factored through wreath products of quotients of the factors. Unfortunately, one cannot always construct quotients simply by intersecting normal subgroups with the factors. 
Since f is finitely supported, the above product makes sense. Also, since A is abelian, we see that π(f )(bN ) is well defined. Now we can define π : A ≀ B → A ≀ (B/N ) as π(f b) = π(f )bN . One can easily check that this map is indeed a surjective homomorphism and that ker(π) = K N ⋊ N .
If the acting group B is finite, every C-quotient of A ≀ B can be factored through a wreath product of a quotient of the base group A and the acting group B.
and C is an extension-closed pseudovariety. Proof. We start by assuming that A ≀ B is residually-C. As B is infinite, we have that N ∩ B = ∅ for every N ∈ N C (A ≀ B). Lemma 4.2 then implies that
. We see that, without loss of generality, we may assume that b = 1. Let S = supp(f ) ∪ {1}. As B is residually-C and S is a finite set, there is a subgroup N ∈ N C (B) such that the canonical projection ϕ : B → B/N is injective on S. By construction, we have that π(s) = 1 for every s ∈ S \ {1}. Lettingπ : A ≀ B → A ≀ (B/N ) be the natural extension of π given by Lemma 4.3, it can be easily seen thatπ(f ) = 1 in A≀(B/N ). Note that A ≀ (B/N ) is residually-C by Lemma 4.5. Thus, we are done.
We can sum up Lemma 4.5 and Lemma 4.6 into the following theorem, which is a restatement of [18, Theorem 3.2] in the setting of C-separability.
Theorem 4.7. Let C be an extension-closed variety of finite groups and let A, B be residually C groups. Then the wreath product A ≀ B is residually C if and only if at least one of the following is true:
Separating conjugacy classes
Let A and B be C-conjugacy separable groups where C is an extension-closed pseudovariety of finite groups. The main goal of this section is to demonstrate how C-separability of a conjugacy class of an element f b ∈ A ≀ B is related to the C-separability of the cyclic subgroup b in B. In particular, in Subsection 5.
Definition 5.1. We say that a group is cyclic subgroup separable if every cyclic subgroup is C-separable where C is the pseudovariety of all finite groups. We say that a group is C-cyclic subgroup separable if every cyclic subgroup is C-separable where C is an extension-closed psuedovariety of finite groups. Throughout this section, we will always assume that C is an extension-closed psuedovariety of finite groups.
Effective C-conjugacy separability when B ∈ C.
Given a C-conjugacy separable group A and B ∈ C, the next proposition provides a bound for Conj A≀B,C (n) in terms of Conj A,C (n) and the cardinality of B. We start with the following lemma which relates conjugacy classes of elements of the form
Inspecting the values of f 2 corresponding to the elements belonging to the right coset b b 0 , where b 0 ∈ T b , we see that
Multiplying these identities together, we get that
Now let b 0 ∈ T b be given, and suppose that there is an element c 0 ∈ A such that
We can then define c ∈ A B on the elements belonging to the coset b b 0 iteratively by setting:
Repeating this process for every element in the transversal
Proposition 5.4. Let A be a C-conjugacy separable group, and let B ∈ C. Then
Proof. Since A B is a finite index subgroup of G, we have that A B is undistorted in A ≀ B. Thus, if S and X are finite generating subsets for A ≀ B and A B , respectively, then for all k ∈ A B , we have that k X ≈ k S . Additionally, we let ρ : A ≀ B → B be the natural retraction. Let g, h ∈ G such that h / ∈ g A≀B and where g S , h S ≤ n. We proceed in a number of cases. (A ≀ B) , hence by Proposition 3.6, we have that
. Hence, we have D A≀B,C (g A≀B , h) ≤ (|B| Conj A,C (2 · |B| · n)) |B| 2 .
We have that ρ(g) = 1 and that ρ(h) = 1. Since ρ(g) = 1, we have that 1 / ∈ ρ(g A≀B ). Therefore, ρ(h) / ∈ ρ(g A≀B ). Given that B ∈ C, we have that D A≀B,C (g A≀B , h) ≤ |B|.
Case 3: g ∈ A B and h / ∈ A B . We have that ρ(g) = 1 and that ρ(h) = 1. Since 1 is central, we have that (ρ(g A≀B )) B = {1}. Thus, ρ(h) / ∈ ρ(g A≀B ). In particular, D A≀B,C (g A≀B , h) ≤ |B|.
be a set of right coset representatives, Proposition 3.6 implies that
. Thus, we need to show that g (A≀B) b is closed in (A ≀ B) b . Letting ϕ : (A ≀ B) b → b be the natural retraction, we have that if h satisfies ϕ(h) = b = ϕ(g), then ϕ(g) ∼ ϕ(h). In particular, D A≀B,C (g A≀B , h) ≤ |B|. Therefore, we may assume that
is a set of right coset representatives, then Lemma 5.3 implies that there is an element
Since g , h ≤ n, we have that a , a ′ ≤ |B| · n. As A is C-conjugacy separable, there is a subgroup N A ∈ N C (A) such that aN A ∼ a ′ N A in A/N A and where |A/N A | = D A,C (a A , a ′ ). Letting π A : A → A/N A be the natural projection, we note that π A extends naturally to a homomorphism a) . Therefore, we may write
By construction, (A/N
Since x i ≤ |B|, we by using a similar argument for each i show that
Noticing that there exists a constant C 4 > 0 where φ −1 xi (h) T ≤ C 4 n such that T is a finite generating subset for b , we have that
Therefore, by taking all possibilities into account, we have
Effective C-conjugacy separability of
A ≀ B when B is infinite. The proof of C-conjugacy separability of wreath products A ≀ B where B is infinite will be split into 3 cases given by f ∈ A B \{1}, b ∈ B\{1}, and f b ∈ A ≀ B where f ∈ A B \{1} and b ∈ B\{1}.
Separating conjugacy classes of f ∈ A B .
In this subsubsection, we give a quantitative proof of the C-separability of the set
We start with the following lemma which describes how to separate subsets from translations of the subset in finite quotients. Theorem 2] implies that there exists a subgroup N ∈ N C (B) such that B N (n) injects into the finite quotient B/N and where |B/N | = D B,C,inj (B B (n)). In particular, as sets, we have that |π N (S f )| = |π N (S g )| from which our statement follows.
Proof. Let {x
Now suppose that |S f | = |S g |, and let S f = {f 1 , · · · , f k } and S g = {g 1 , · · · , g k }. Note that b ′ · S f = S g if and only if there exists a permutation σ ∈ Sym(k) such that b ′ = g σ(i) f −1 i for all i ∈ {1, · · · k}. Thus, our assumptions imply that for every σ ∈ Sym(k), there are i, j ∈ {1, · · · , k} such that g σ(i) f −1
Therefore, N is the necessary group and |B/N | = D B,C,inj (B B (2n)).
Let A and B be C-conjugacy separable groups where A is abelian. The next proposition provides a bound for D A≀B,C (f A≀B , h) when f ∈ A B in terms of Cconjugacy separability for B and the C-residual girth of B.
Proposition 5.6. Let A and B be residually-C groups where A is abelian.
If h ∈ A B and A is infinite, then
Finally, if h ∈ A B and A is a finite abelian group, then
In particular, we have to distinguish h from the identity using subgroups N ∈ N C (B) which we have since B is residually-C. In particular, we have the first statement. Now suppose that h ∈ A B . If there exists an element b ∈ B such bf b −1 = h, then we would have that b −1 supp(f ) = supp(h). Suppose first that there exists no such element. Lemma 5.5 implies there exists a subgroup N ∈ N C (B) such that there exists no element x ∈ B such that π N (x −1 supp(h)) = π N (supp(f )) and where |B/N | = D B,C,inj (2n). Letting ρ : A ≀ B → A ≀ (B/N ) be the natural extension given by Lemma 4.3, it is easy to see that supp(π(f )) = π B (supp(f )) and supp(π(h)) = π B (supp(h)). Thus, there exists no element π N ) where π(f ) ∈ A B/N . By following the proof of Case 1 of Proposition 5.4, we have that D A≀(B/N ),C (π(f ) A≀(B/N ) , π(h)) ≤ (RG B,C (n) · Conj A,C (3 RG B,C (n) · n)) (RGB,C (n)) 3 .
If A is a finite abelian group, then A ≀ (B/N ) ∈ C. In particular, we must have that D A≀B (f A≀B , h) ≤ |B/N | · (|A|) |B/N | ≤ (RG B,C (n)) · (|A|) RGB,C(n) . Now suppose that there exists an element b ∈ B such that b −1 supp(f ) = supp(h). By assumption, bf b −1 = h which means that there is an element b ′ ∈ B such that f (bb ′ ) = g(b ′ ). Let
By an application of [5, Theorem 3.4], we have for x ∈ S B that x ≤ C 1 n for some constant C 1 > 0. Thus, there exists a subgroup ≀ (B/N B ) , it can be easily seen that π(f ) = π(h). Now suppose that there exists an element x ∈ B such that π NB (xπ(f )x −1 ) = π NB (π(g)). We must have that
for all x ∈ B. From the construction of π NB , we see that bxN B = xN B . That implies x ∈ N B , and thus, π NB (x) = 1 in B/N B . Therefore, we have that π(f ) = π(h) which is a contradiction. Hence, π(f ) and π(h) are not conjugate in A≀(B/N B ).
Since π(f ), π(h) ∈ A B/NB , we have by the above argument that if A is an infinite abelian group, then there exists a subgroup M ∈ N C (A ≀ (B/N B ) ) such that π(h) / ∈ π M (f ) A≀(B/NB ) mod M and where
If A is a finite abelian group, then we note that A ≀ (B/N B ) ∈ C. Thus, we have that
Separating conjugacy classes of elements b ∈ B.
We now relate the C-separability of the conjugacy class b A≀B with the C-separability of cyclic subgroup b in B. Moveover, we relate quantification of these properties with each other.
Lemma 5.7. Let A be a residually-C group and B be C-conjugacy separable.
If there exists an element c ∈ B such that b = crc −1 , then
Proof. Suppose that b A≀B is C-separable, and let x / ∈ b A B . We have that is equiva- (1) and that B is residually-C by assumption. Hence,
By setting k 0 = (brb −1 r −1 )k(brb −1 r −1 ) −1 ) −1 , we see that
In particular, we have our claim.
By the above claim, we have that either
If ρ(xb −1 ) = 1, there exists a subgroup N B ∈ N C (B) such that π NB (ρ(xb −1 )) = 1 in B/N B and where |B/N B | = D A≀B,C ({1}, ρ(xb −1 )). Therefore, we have that
If r ≁ R b, then we may retract onto B and use the fact that B is C-conjugacy separable. In particular, we have that
Thus, we may assume that b = crc −1 . In particular, we may write
To simplify notation, we denote h = ckc −1 . We show that hb ∼ G b if and only if hb ∼ A B b. Since the backwards direction is clear, we may assume that kb = xbx −1 for some x ∈ G. Let x = k 0 r 0 . We have that
. Therefore, we may write xr −1 0 br 0 x −1 = k 0 bk −1 0 . Thus, we may assume that hb / ∈ b A B . Hence, there exists a subgroup N ∈ N C (A≀B) such that π N (hb) / ∈ π N (b A B ) and where |(A ≀ B)/N | = D A≀B,C (b A B , hb). We claim that π N (hb) / ∈ π N (b A≀B ), and for a contradiction, suppose otherwise. There exists an element g ∈ A ≀ B such that π N (ghbg −1 ) = π N (hb). We must have that g / ∈ A B . Moreover, we must have that if g = ad, then d ∈ C G (b). Hence, we have that adbd −1 a −1 = aba −1 .
In particular, it follows that π N (gbg −1 ) = π N (aba −1 ) = π N (hb).
That implies π N (hb) ∈ π N (b A B ) which is a contradiction. Therefore, we may write
As the above lemma just demonstrated, the conjugacy class b A≀B is C-closed if and only if the set
The following two lemmas provide some technical tools for working with this set.
Proof. Checking that K b is a group is easy since A B is abelian. Indeed, one can verify that
]. Now, let f ∈ A B and n ∈ Z be given. Using the standard commutator identity [x, yz] = [x, y]y[x, z]y −1 , we see that
Given an element f ∈ A B , where A is an abelian group, we define functioñ
Note that since the function f is finitely supported and the group A is abelian, the functionf is well-defined. The following was proved in [29, Lemma 4] .
In particular,
Note that since the group A is abelian and the functions in A B have finite support, the product over all elements of B 1 makes sense.
We need the following lemma which is essential in understanding how the Cseparability of the subgroup b where b ∈ B is used. Proof. The elements s i , s j belong to the same left coset of b i if and only if s −1
We note that if x ∈ D, then x ≤ 2n. Therefore, we have that
The following proposition relates the C-separability of the set b A B in A ≀ B to the C-separability of b in B.
Proposition 5.11. Let A ≀ B be a wreath product of finitely generated, residually-C groups where A is abelian, and let b ∈ B be arbitrary. Then b A B is C-separable in G if and only if the subgroup b is C-separable in B.
Suppose that f /
∈ b A B and where f , b ≤ n. Letting Φ(n) = (Cyclic B,C (n)) n 2 , we have that if A is an infinite, finitely generated abelian group, then
Otherwise, if A is a finite abelian group, then
, then by letting ϕ : A ≀ B → B be the natural retraction, we have that ϕ(f ) = 1 and ϕ(b) = 1. In particular, we have that ϕ(f ) / ∈ ϕ(b A B ) and
Thus, we may assume that f /
Hence, we may assume that f / ∈ A B and f / ∈ B. In particular, we have that g = f b −1 / ∈ K b . Following Lemmas 5.8 and 5.9, we see that there is an element t ∈ B such thatg(b, t) = a = 1. Since g ≤ n, we have by [5, Theorem 3.4 ] that | supp(g)| ≤ n. As B is residually-C and b t is C-separable, we have by Lemma 5.10 that there is a subgroup N B ∈ N C (B) such that π NB is injective on supp(g), π NB ( b t 1 ) = π NB ( b t 2 ) for t 1 , t 2 ∈ supp(g), and |B/N B | ≤ (Cyclic B,C (n)) n 2 . Letting π : A ≀ B → A ≀ (B/N B ) be the natural extension given by Lemma 4.3, we have that π(f )(b, t) = a. Lemma 5.9 implies that
That impliesf / ∈b A B/N B . By Lemma 5.7, we have that
When A is a finite abelian group, the above inequalities become
Thus, we may assume that A is infinite. If ρ(fb −1 ) = 1, we have that
If ρ(fb −1 ) = 1, we have by following the argument in Case 4 of the proof of Proposition 5.4 that
In either case, we may write 
hence, using Lemma 5.9, we see that h ∈ K b . We will show that h is in the pro-C closure of K b in G. Let N be an arbitrary co-C-subgroup. Following Lemma 4.4, the map π :
Thus, we see that the subgroup K b is not C-separable in G. Consequently, we see that the conjugacy class b A B is not C-separable in G.
We have the following immediate corollary which gives an upper bound for the quantification of the C-separability of the set b A≀B in A ≀ B in terms of the quantification of C-separability of the sets b B and b in B. Suppose that b , f ≤ n for some element f / ∈ b A≀B such that f = kr. If r ≁ B b, then we have that
Suppose that there exist an element c ∈ B such that b = crc −1 . Let Ψ(n) = ShortC B (n) + n and Φ(n) = (Cyclic B,C (Ψ(n))) Ψ(n) 2 . If A is infinite, then
If A is a finite abelian group, we have that
Separating conjugacy classes of elements
We start this section with the following lemma which allows us to assume for a given conjugacy class (f b) A≀B that the elements of the support of f lie in different cosets of b . Proof. We proceed by induction on | supp(f )|, and note that if | supp(f )| = 0, then the statement is clear. So we may assume that our statement holds for all f ′ ∈ A B with | supp(f ′ )| < k. Let supp(f ) = {s 1 , · · · , s k }, and suppose that b s i = b s j for some i, j ∈ {1, · · · , k}. That means that s j = b m s i for some m ∈ Z, and without loss of generality, we may assume that m is positive. Define a function h ∈ A B in the following way:
As A B is abelian, we see that
Clearly, | supp(f ′ )| < | supp(f )| = k, so by the induction hypothesis, we see that there is an element Proof. Suppose that there are elements h ∈ A B and c ∈ B such that gb = hcf b(hc) −1 . Note that c must commute with b by necessity, i.e. c ∈ C B (b). One can then easily check that this is equivalent to g = cf [h, b]. Following Lemma 5.9, we see that this is happens if and only if for every t ∈ B, we have Following the assumptions on f and g, we see that the above products always contain at most one non-identity element. Therefore, we have that g(x) = f (cx) for all x ∈ B which means that g = cf c −1 .
As all the steps in the reasoning above were "if and only if" statements, we see that the existence of an element c ∈ C B (b) such that g = cgc −1 guarantees the existence of an element h ∈ A B such that gb = hcf b(hc) −1 .
This final proposition takes care of the last case. That is, we quantify the complexity of separating the conjugacy class (f b) A≀B where f ∈ A B \{1} and b ∈ B\{1}.
Let Ψ(n) = ShortC(n) + n, and let Φ(n) = RG B,C (Ψ(n)) · (Cyclic B,C (Ψ(n))) Ψ(n) 2 .
If A is an infinite abelian group, then
If A is a finite abelian group, then
Proof. Let f b ∈ A ≀ B be as above. We may by Lemma 5.13 assume that the elements of the support of f lie in distinct cosets of b and f b ≤ C 1 n for some constant C 1 > 0. Let g ∈ A B and b ′ ∈ B where x = gb ′ , and let ρ : A ≀ B → B be the natural retraction. We note that if b ≁ b ′ , then by conjugacy separability of B we have that there exists a subgroup
Thus, we may assume that there exists an element y ∈ B such that yb ′ y −1 = b where y ≤ ShortC B (n). Therefore, we may write
In particular, we have that ygy −1 b ′ ≤ 2 ShortC B (n) + 2n. Following Lemma 5.13, we may assume that the elements of supp(g) all lie in different cosets of b . Moreover, we have that gb ≤ C 1 ShortC B (n) + C 1 n where C 1 > 2 is some constant.
Following Lemma 5.14, we have that f = cgc −1 for every element c ∈ C B (b). By case analysis, we have that one of the following must occur:
(i) there is no element c ∈ B such that c supp(f ) = supp(g); (ii) there is an element c ∈ B such that c supp(f ) = supp(g) but for every such element c there is an element t ∈ supp(g) such that f (ct) = g(t); (iii) there is an element c ∈ B such that c supp(f ) = supp(g) and for every element t ∈ supp(g) we have f (ct) = g(t); however, no such element c centralizes b.
We will now show that in each of the cases above we may always construct a quotient of B so that the images of f and g are not conjugate via the centralizer of the image of b. Lemma 5.10 applied to the set S = supp(f ) ∪ supp(g) implies there exists a subgroup N S ∈ N C (B) such that
and where for each s i , s j ∈ supp(f ), or t i , t j ∈ supp(g), we have that their images lie in distinct right cosets of π NS ( b ). Before we get to the cases, we let Φ 1 (n) = (Cyclic B,C (C 1 ShortC B (n) + C 1 n)) (C1 ShortCB (n)+C1 n) 2 .
Case (i):
Following Lemma 5.5, there exists a subgroup N ∈ N C (B) such that there exists no elementc ∈ B/N satisfyingc · π N (supp(f )) = π N (supp(g)) and where
for some constant C 2 > 0 greater than C 1 . By taking M = N ∩ N S , we may assume that the images of each pair of elements supp(f ) or in supp(g) lie in different right cosets of b . If we let ρ : A≀B → A≀(B/M ) be the natural extension given by Lemma 4.3, it is easy to see that supp(π(f )) = π(supp(f )), supp(π(g)) = π(supp(g)), and that the individual elements of supp(π(f )) and supp(π(g)) lie in different cosets of π(b) in B/N . Now that π(f ) is not conjugate to π(g) via any element of B/M . Thus, Lemma 5.14 implies that π(gb) / ∈ (π(f b)) A≀(B/B) . Letting C 4 = max{C 3 , 8} and Ψ 1 (n) = C 4 ShortC B (n) + C 4 n, we have that if A is a finite abelian group,
. Now suppose that A is an infinite, finitely generated abelian group. We have by following the proof of Case 4 of Proposition 5.4 that
Case (ii):
We have that | supp(f )| = | supp(g)|. Thus, we may write supp(f ) = {s 1 , · · · , s k } and supp(g) = {t 1 , · · · , t k }. Since c · supp(f ) = supp(g), there exists a permutation σ ∈ Sym(k) such that c = t σ(i) s −1 i for all i ∈ {1, · · · , k}. Let Σ ⊂ Sym(k) be the subset of permutations that do not appear as translations of supp(f ) onto supp(g), i.e. σ ∈ Σ if there are i, j ∈ {1, · · · , k} such that t σ(i) s −1 i = t σ(j) s −1 j . Using an approach similar to Lemma 5.5, there exists a subgroup M ∈ N C (B) such that none of the permutations from Σ will appear as a translation of π M (supp(f )) onto π M (supp(g)) and where |B/M | = D B,C,inj (B(C 4 ShortC B (n) + C 4 n)). Letting ρ : A ≀ B → A ≀ (B/M ∩ N S ) be the natural extension, we note by assumption that for every element c ∈ B such that c · supp(f ) = supp(g) there exists an element s ∈ supp(f ) such that f (cs) = g(s) in A. Since supp(f ) ∪ supp(g) embeds into B/N S ∩ M , we see that ρ(f )(ρ(cs)) = f (cs) = g(s) = ρ(g)(ρ(s)).
Thus, ρ(f ) is not conjugate to ρ(g) via an element B/N S ∩ M . Lemma 5.14 implies that ρ(f b) is not conjugate to ρ(gb). If A is a finite abelian group, then as before, we have that
. Similarly, if A is an infinite abelian group, then we may write
Case (iii):
Let C ⊂ B be the set of elements that conjugate f to g, i.e. C = {c ∈ B|cf c −1 = g}. By assumption, if c ∈ C, then c / ∈ C B (b). We have by [5, Theorem 3.4 ] that if a ∈ supp(f ) ∪ supp(g), then there exists a constant C 5 > 0 such that a S ≤ C 5 n.
Thus, there exists a subgroup M ∈ N C (B) such that π M ([b, c]) = 1 for all c ∈ C.
Since c ∈ C, we have that c · supp(f ) = supp(g). Therefore, for c ∈ C, we have that [c, b] S ≤ 4C 5 n. Letting C 6 = max{4 C 5 , C 4 }, we have that there exists a subgroup M ∈ N C (B) such that π M restricted to B B (C 6 ShortC B (n) + C 6 n) is injective and where |B/M | = D B,C,inj (B B (C 6 ShortC B (n) + C 6 n)). Letting ρ : A≀B → A≀(B/N S ∩M ) be the natural extension, we note that the only elements that conjugate ρ(f ) to ρ(g) are the elements of ρ(C), but none of those elements centralize ρ(b). In particular, we have that ρ(f b) is not conjugate to ρ(gb) by Lemma 5.14. Let Ψ 2 (n) = C 6 ShortC B (n)+C 6 n and Φ 3 (n) = RG B,C (Ψ 2 (n))·Φ 1 (n). When A is a finite abelian group, we have that
When A is an infinite abelian group, Proposition 5.4 implies that
5.3.
Proof of the main result. We now proceed to the main theorem which we will restate for the reader's convenience.
If B ∈ C, then Conj A ≀B,C (n) (Conj A,C (n)) |B| 3 Let Φ(n) = ShortC B (n) + n and Ψ(n) = (RG B,C (Φ(n)) · (Cyclic B,C (Φ(n))) Φ(n) 2
If A is an infinite, finitely generated abelian group and B is a C-cyclic subgroup separable finitely generated group, then Conj A≀B,S,C (n) max Conj B,C (n), (Ψ(n) · Conj A,C (Ψ(n) · n)) (Ψ(n)) 3 .
Proof. If B ∈ C, then Proposition 5.4 implies that
Since all C-conjugacy separable groups are residually-C, we have by Lemma 4.6 that A must be abelian. We have three cases.
Case 1: f = 1 and b = 1. Proposition 5.6 implies that there exists a subgroup N ∈ N C (A ≀ B) such that π N (x) / ∈ π N (f A≀B ) and where |A ≀ (B/N )| (RG B,C (n) · Conj A,C (RG B,C (n) · n)) (RGB,C(n)) 3 .
If A is finite, we then have that such that π N (x) / ∈ π N (b A≀B ), and since (Cyclic B,C (Φ(n))) Φ(n) 2 Ψ(n), we have that
Case 3: f = 1 and b = 1.
If A is finite, we then have |(A ≀ B)/N | max Conj B,C (n), Ψ(n) · (|A|) Ψ(n) .
Wreath Products of Nilpotent Groups
We start this section with some definitions. Definition 6.1. Let G be a group. The first term of lower central series is given by G 1 = G, and we inductively define the i-step of the lower central series as
. A group is nilpotent if for some natural number k we have that G k+1 = {1}, and we say that G is a nilpotent group of step length k if k is the minimal such natural number.
Before we get to the main theorem of this section, we provide polynomial bounds for ShortC G (n) when G is a finitely generated nilpotent group. Theorem 6.2. Let G be a torsion free, finitely generated nilpotent group. Then there exists a natural number m such that ShortC G (n) n m .
Proof. Let S = {t 1 , . . . , t ℓ } be a generating subset such that the subset {x 1 , · · · , x s } freely generates Z(G). Moreover, we assume that there exist natural numbers {t 1 , · · · , t ℓ } such that {x t1 1 , · · · , x t ℓ ℓ } generate G c where c is the step length of G. Let g, h ∈ G be such that g S , h S ≤ n and where g ∼ h.
We proceed by induction on the step length, and observe for abelian groups that g ∼ G h if and only if g = h. Thus, it follows that ShortC G (n) = 0. Therefore, we may assume that the step length c of G is greater than 1.
We note that if g or h belong to Z(G), then g = h and, consequently, SC G (g, h) = 0. Therefore, we may assume that g, h / ∈ Z(G) which implies that π(g), π(g) = 1 where π : G → G/Z(G) is the natural projection. Since π H (g) ∼ π H (h), we have by induction that there exists an elementā ∈ G/H such that ā S ≤ C 1 n m1 wherē aḡā −1 =h for some constant C 1 > 0 and natural number m 1 . By taking an appropriate choice of lift ofā, we may assume that a S ≤ 4C 1 n m1 . Hence, we may write g = hb where b S ≤ C 2 n m1 for some constant C 2 > 0.
Let K = π −1 Gc (C G/Gc (h)), and let ϕ : K → G c be the map given by ϕ(x) = [h, x]. It is easy to see that ϕ is a group morphism and that b ∈ Im(ϕ). Moreover, we have by [6, Theorem 4.10 ] that there exists a natural number m 2 and a constant C 3 > 0 so that K can be generated by elements {y i } d i=1 of length at most C 3 n m2 . In particular, we have that Im(ϕ) is generated by the elements [h, y i ] for i ∈ {1, · · · , d} of length at most C 4 n m2 where C 4 > 0 is some constant. We may write [h, y i ] = s ℓ=1 x w ℓ,i ℓ , and by [17, 3 .B2], there exists a natural number m 3 and a constant C 5 > 0 such that |w ℓ,i | ≤ C 5 n m3 for all ℓ and i. For each ℓ, we let j ℓ be the greatest common multiple of the set {w ℓ,1 , · · · , w ℓ,s }, and by [22] , we have that |j ℓ | = s i=1 α i w ℓ,i where |α i | ≤ C 5 n m3 for all i. Given that the generating subset for K has at most C 6 n m4 elements [17, 3.B2], we have that |j ℓ | ≤ C 6 n m5 for some natural number m 5 and some constant C 6 > 0 for all ℓ. Since b S ≤ C 2 n m1 , we have that we can write b = s x=1 x βi i where |β i | ≤ C 5 n m1m2 . In particular, we have that b has length at most C m2 3 n m1m2 in the generating subset {[h, y 1 ], · · · , [h.y d ]}. That implies there exists an element c in K of length at most C m2 3 n m1m2 in the generators {y 1 , · · · , y d } such that [h, c] = b. Since d ≤ C 6 n m4 , we may write c S ≤ d C m2 3 n m1m2 ≤ C 6 n m 4 C m2 3 n m1m2 = C m2 3 C 6 n m1m2+m4 . Moreover, we have that chc −1 = hb = g as desired.
We now proceed to the proof of the main result of this section.
Moreover, if A is finite, then
Proof. Let us first assume that A is infinite. Since A is abelian, we have that the elements a, b ∈ A are conjugate if and only if ab −1 = 1. In particular, we have by [1, Theorem 2.2] that Conj A (n) ≈ log(n). Moreover, [2, Theorem 2] implies that RG B,C (n) n d1 for some natural number d 1 . [7, Theorem 1.e] implies that Cyclic B (n) n d2 for some d 2 . When B is abelian, we have that ShortC(n) = 0.
Therefore, we may write RG B,C (Φ(n)) · (Cyclic B,C (Φ(n)) Φ(n) 2 n d1 · (n d2 ) n 2 n d1+d2 n 2 n n 2 .
Thus, Theorem B implies that Conj A≀B (n) n n 2 · log(n n 2 · n) n 3n 2 n n 2 · log(n) + n n 2 · n 2 · log(n) n n 2 n n 2 +2 · log(n) n n 2 n n 2 · log(n) n n 2 n n 2 ·n n 2 · (log(n)) n n 2 n n n 2 +2 · (log(n)) n n 2 n n n 2 +2 n n n 2 .
If A is finite, then
When B is a nonabelian, torsion free, finitely generated nilpotent group, we have that ShortC B (n) n d3 for some natural number d 3 > 0 by Proposition 6.2. Thus, we may write RG B,C (Φ(n)) · (Cyclic B,C (Φ(n)) Φ(n) 2 (n d3 + n) d1 · (n d3 + n) d2 (n d 3 +n) 2 (n d3 + n) 1+d2·n 2d 3 +2n d 3 +1 +n 2 (n d3 ) n 2d 3 n n 2d 3 .
Setting d = 2d 3 , we have that Conj A≀B (n) (n n d · log(n)) n n d n n n d , and when A is finite, we may write Conj A≀B (n) n n d · 2 n n d .
Conjugacy separability of the free metabelian group
A final application of Theorem B is a computation of conjugacy separability of the free metabelian group. We first start with the following definition. Definition 7.1. Let G be a group. The first term of the derived series is given by G (1) = [G, G], and the i-th term of the derived series is given by
We now define the free solvable groups. Definition 7.2. Let F m be the free group of rank m, and let (F m ) (i) be the i-th step of the derived series of F m . The free solvable group of rank m and derived length d is given by
There exists a well known embedding ρ : S m,d → Z m ≀ S m,d−1 called the Magnus embedding that satisfies a number of valuable properties (see [9, 11.3] ). For instance, the embedding ρ is a bi-Lipschitz embedding [32, Theorem 1] . More importantly, we are able to detect conjugacy classes of elements in S m,d via the Magnus embedding, i.e. if g, h ∈ S m,d , then g ∼ S m,d h if and only if their images in Z m ≀ S m,d−1 are conjugate by [30, Theorem 1] . In particular, we have by [30, Corollary 6 ] that S m,d is a conjugacy separable group. We are interested in the free metabelian group of rank m, i.e. the group given by S m,2 .
To provide a calculation of conjugacy separability of S m,2 , we need the following lemma. Proof. There exists an surjective homomorphism ϕ : G → Q such that ϕ(y) / ∈ (ϕ(x)) Q where |Q| = D G (x G , y). By restricting the homomorphism ϕ to H, we obtain a homomorphism ρ : H → Im(ϕ) satisfying ρ(y) / ∈ (ρ(x)) Q . Therefore, we have the following inequality: D H (x H , y) ≤ |Im(Q)| ≤ |Q| = D G (x G , y).
The proof for the other inequality is similar.
We now proceed to the main result of this section.
Proof. If m = 1, then our statement is clear from [1, Corollary 2.3]. Therefore, we may assume that m > 1. Theorem C implies that Conj Z m ≀Z m (n) n n n 2 .
The Magnus embedding allows us to assume that S m,2 ≤ Z m ≀ Z m where if S, X are finite generating subsets for S m,2 and Z m ≀Z m , respectively, then g S ≤ C g X for some constant C > 0. Moreover, we have that if g ≁ h as elements of S m,2 , then g ≁ h as elements Z m ≀ Z m . Now let g, h ∈ S m,2 be two non-conjugate elements of length at most n with respect to some finite generating subset. By Lemma 7.3, we have the following inequality: D Sm,2 (g Sm,2 , h) ≤ D Z m ≀Z m (g Z m ≀Z m , h) ≤ Conj Z m ≀Z m (C n).
Since this inequality is independent of pairs of non-conjugate elements at length at most n, we have that Conj Sm,2 (n) Conj Z m ≀Z m (n) n n n 2 .
We may hope to extend the above result to compute Conj S m,d (n) for all m, d > 1 by computing the functions Cyclic S m,d (n) and RG S m,d (n). As far as the authors are aware, the function Cyclic G (n) has only been computed for finitely generated nilpotent groups and seems to be difficult to compute even for the group S 2,2 .
